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In this paper, we show that the mitral boundary value problem for the 
(smgular) nonlinear EPD (Euler-Poisson-Darboux) equation 
utt + (h/t) ut - c2A,u = sF(u(x, t)) 
does not possess global solutions for arbitrary choices of u(x, 0). (X E Q c R*, 
sd bounded, A, = n dimensional Laplacian) when 0 < k < 1 for a wide class 
of nonlinearities 9, which includes all the even powers of u and the functions 
u*n+1, n = 1, 2 ,... . The solutions are assumed to vanish on the “walls” of the 
spacetime cylmder and satisfy au/at& 0) = 0, x E R. The result is independent 
of the space dimension. 
In [l], Keller showed that for K > 1 and certain (nonlinear) functions 
f(z), the (singular) Cauchy problem 
(a2u/at2) + (k/t) (au/at) - c2A,u =J(u(x, y, t)) in R2 x [0, co), 
4% Y, 0) = C(x, Y), (x, Y> E R2, (1) 
%(X9 Y, 0) = 0, (x, Y> E R2, 
does not possess global solutions in R2 x (0, co) for arbitrary choices of + 
In fact, there are choices of q3 for which the solution becomes pointwise 
unbounded in finite time. (Here A, = a2/iW + a2/ay2.) 
It is the purpose of this note to show that this result holds for 0 < K < 1 
independently of the space dimension for the following initial-boundary 
value problem. 
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b,,,u EE (a%/aP) + (k/t) (&Qt) - c2A,u = 5+(x, t)) in Sz x [O, T), 
u(x, 0) = ax), XEQ, 
Ut(JC, 0) = 0, XEQ, 
(2) 
u(x, t) = 0, (x, t) E 6Q 
x [O, T), 
where 9 C Rn is a bounded domain with boundary, aJ2, smooth enough to 
admit of applications of the divergence theorem and A, denotes the n-dimen- 
sional Laplacian. Here, u = U(X, t) is to be a classical solution to (2) but one 
can also prove an analogous result for weak solutions. 
The conditions satisfied by f and 9 in (1) and (2), respectively, are some- 
what different but both sets of conditions are satisfied by simple powers. 
Using our result, one can establish a global nonexistence result for the 
corresponding initial value problem if one can show that the value of any 
solution to (1.2) at a point (x, f) depends only upon its values in the retrograde 
cone ((y, 7) 1 1 y - x i < (t - q), 0 < 71 < t} [4]. However, this “domain of 
dependence” result is not known to the author for k E (0, I). 
Our method of proof is an extension of the so called “concavity” arguments 
used in [2] and [3]. Neither the technique nor the extension have heretofore 
been applied to Si~uZar partial differential equations. Consequently, the 
analysis used here is much more delicate than that used in either [2] or [3]. 
Although we only treat (2), it will be clear from the argument that the 
same result could be established for an “abstract” EPD equation 
(d2u/dt2) + (k/t) (du/dt) + Au = .9+(t)), 
u(O) = $I 3 
u,(O) = 0, 
(3) 
where u: [0, T) -+ D, a dense subdomain of a Hilbert space H, A is a sym- 
metric linear operator defined in D such that (x, Ax) 2 0 for all x E D, and 
9: D ---f H is a so-called “gradient operator.” The technical conditions on 
D, 9 and A, in order that the abstract version of our result holds for (3), 
are given in [2]. 
Let 9 be a real-valued Cl function on R1. For each (real-valued)fE c”(a), 
define 
and denote by (f, g) = so f(x)g(x) dx. Suppose there is a constant OL > 0 
such that 
V~ + 1) S(f) G (f, -%fN9 (T) 
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for all f E c”(Q). (If S(Z) = P, n > 1, then (T) holds with equahty for 
OL = $(n - 1). More generally, one can show that, if for some (Y > 0 and 
some monotone increasing function h, F(Z) = 1 z jpa+l h(z), then (T) holds 
(see [2] and [3]). 
We assume the existence of a local solution for each z+, E P(D), u,, = 0 
on Z2. 
THEOREM. Let 0 < k < 1 and suppose (T) holds for some a: > 0. If 
u: 0 x [0, T) + R1 is a classical solution to (2) and if 
4,: ‘%,) > S j-Q I %, I2 dx, 
then T is necessarily jnite and 
jiy-6 u2(x, t) dx = $CII (u(t), u(t)) = +KI 
so that u becomes pointwise unbounded in Fnite time. 
Proof. For notational convenience, we shall write 
s u2(x, t) dx = (u, u) and n I( ) R 2 2 (x, 4 dx = @t , 4, 
except when t = 0, in which case the former is (us , ~a) and the latter is zero. 
Likewise, 
will be written as 9(u) or S(tl,) unless we wish to display t explicitly. 
We first choose S > 0 so small that 
S(@)) > + /- [I vu(x, S)12 +ut2(x, a)1 dx. ‘R 
This is clearly possible by continuity. Now for t E [a, T) and any positive 
constants /I, I, define 
F(t) = (u, u> + P(t + T)’ = 5, +, t) dx + /W + d2, (4) 
where U(X, t) is a solution to (2). We first show that in [a, T) 
(F-“)” (t) ,( -(k/t)(F), (t) (5) 
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For this, it clearly suffices to show that in [a, T). 
F(t)F”(t) - (Lx + 1) (F’(t))” > -(k/t)F(t)F’(t). (6) 
We shall establish (6) in the following lemma, but first let us prove the 
result, assuming (5). 
Since F’(t) = 2(u,, U) + 215(t + T), we have that 
F’@) = 2(%(Q u(q) + %9(~ + 4. 
Therefore, we see that given jz? > 0, there exists 7 > 0 such that F’(6) > 0. 
Clearly, (5) can be rewritten as 
(44 (exp (k j8t 4/q) (dWdt)) < 0. 
Hence it follows that for t E [6, T), 
P(t) > ~~+1(6) [F(S) - C@(S) jat exp (- IS’ k dq/T)]-‘. (7) 
We see from (1.7) that F(t) --f + 00 in a finite time T provided there exists 
t, > 0 such that 
(wY~‘(wP -==c j:l exp (- j; k W?) ds, 
which, for k = 1, is the case as soon as 
(F(S)/aW(S)) + In 6 < In t, , 
and which, for 0 < k < 1, is the case as soon as 
((1 - k)F(6) S-k/~(S)) + 61-k < t:-k (86) 
It therefore suffices only to prove the following. 
LEMMA. F(t), as giwen by (4), satisfies the da@mztiaZ inequaZity (5) in 
[S, T) whenever u is a classical solution to (2) in a x [S, T). 
Proof. Since, for t E [a, T), 
F”(t) = 4(a + 1) KUt 3 4 + PI + 2{(%, ,u) - (2a + 1) [@t 9 4 + m 
it follows from Schwarz’s inequality that 
W)F”(t) - (a + 1) (F’(W > Wt) W), 
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H(t) = (u, Utt) - (2a + 1) (Ut 9 4 - @a + 1) B 
= -(k/t) (u, ut) + (u, F(u)) - (Vu, W - (2~ + 1) L&t s 4 + PI. 
fw) = H(S) + Jy H’(7) d7, 
we find, after using the differential equation in the term 2(2or + 1) (~1, , u,,,), 
that 
H(t) = - (k/t) (K 4 + Ku, ~(4) - Wm + 1) GM 
+ 24W vu) + 2(2~ + 1) j-’ (k/d (u(v), 47)) 4 6 
+ 2(2a + 1) iqu(s)) - :(w% vu(s)) 
- sw9, %(W - tB>* 
(9) 
This calculation is less formidable than it looks, especially when one notes 
that 
$ cqu(t)) = s, & (JoU’“‘” s(z) dz) dx = s, 9+(x, t)) 2 (x, t> dx. 
Letting 
B = 29W)) - s, [I Wx, S)l” + ut2(x, S>l dx, 
taking (2’) into account, and noting that F’(t) > 2(u, , u), we obtain 
H(t) > -(k/2t)F’(t) d an consequently the statement of the lemma. 
Remark. It is clear from the above arguments that if, in (2), we replace 
k/t by a function k(t) > 0 on (0, co) such that for each 6 > 0 the function 
satisfies 
then the results of the theorem hold for the resulting problem. 
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